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Equations (23, 36, and 37) describe the desired spiral
trajectory. As is seen from Eq. (36), the spiral trajectory is
of oscillatory nature, which damps out as the trajectory

progresses. If the second term in Eq. (36) is dropped out
because of 4 > 1, Eq. (36) yields
w = 1/p? (3%)
In combining with Eq. (23), Eq. (38) becomes
u = {w(E/go) In[l — (7/4)] + 1}2 (39)

which is the result obtained by Melbourne.*

Conclusions

Briefly, application of the stroboscopic method in non-
linear mechanics has been shown to provide concise solutions
to the spiral trajectory under low constant tangential thrust
previously discussed in the literature. The oscillatory
nature of the spiral is brought out. The oscillations cause
a maximum deviation from the mean path of the order of 2/4
during the early stage of spiraling and gradually damp out
as spiral proceeds. Figure 2 shows such an oscillatory spiral
trajectory for a space vehicle (¢ = 161,000 fps), which is
initially in a 300-naut-mile orbit around the earth and is sub-
ject to a constant tangential thrusting force of 0.005M og,.

References
1Zee, C.-H., “Low-thrust oscillatory spiral trajectory,”

Wright Aeronaut. Div., Curtiss-Wright Corp., Wood-Ridge,
N.J, IOM 102462 (October 1962).

LOW CONSTANT TANGENTIAL THRUST SPIRAL TRAJECTORIES

1583
4r T T T T d
3rt
3
<L
x
byl £q.(37)
O
T+ 4
0 3 8 ? 2 15
9Nt in 1000 sec.
~ ~
SRS ACTUAL PATH
095 - N~/ (PRESENT ANALYSIS
Eq.{36))
e ~
N
o‘so-wMEAN PATH \\ NG » ]
ELBOURNE'S RESULT ™~ N\O 2,
Eq.(39) \\\i A =00
X ~
085 | {\ N S A
~ ~
L ' ' 1 ™

Fig. 2 Oscillatory spiral trajectory

2 Minorsky, N., Nonlinear Oscillations (D. Van Nostrand Co.
Inc., Princeton, N. J., 1962), Chap. 14, pp. 329-335.

3 Minorsky, N., Nonlinear Oscillations (D. Van Nostrand Co.
Inec., Princeton, N. J., 1962), Chap. 16, pp. 390-415.

4 Melbourne, W. G., “Interplanetary trajectories and payload
capabilities of advance propulsion vehicles,”” Jet Propulsion
Lab., Calif. Inst. Tech., Pasadena, Calif., TR 32-68 (March
1961).

AJAA JOURNAL

Stability Boundaries of Liquid-Propelled Space
Vehicles with Sloshing

Hewvmur F. BaAver*
NASA George C. Marshall Space Flight Center, Huntsville, Ala.

For liquid-propelled space vehicles with large diameter propellant containers, the effects of
propellant sloshing upon the vehicle stability are becoming more critical, especially since at
launch a very large amount of the total weight is in form of liquid propellant. Describing the
propellant motion with a mechanical model, the influence of propellant sloshing in one, two,
and three tanks is determined with the Hurwitz stability boundaries. They are represented
as the necessary required damping in the containers vs the container location. The influence
of the various parameters, such as control frequenecy and control damping of the vehicle, as
well as sloshing mass, sloshing frequency, and tank locations, is investigated. For a space
vehicle in which the propellant of only one tank is free to oscillale, the danger zone where
baffles may have to be applied to maintain stability is located between the center of gravity
and the center of instantaneous rotation. The influence of tank geometry such as concentric
containers or a quarter-tank arrangement is investigated also. For a tandem arrangement of
two and three containers in which the propellant is free to oscillate, the danger zone shifts
with increasing distance between the slosh masses toward the rear of the space vehicle, indicat-
ing in a practical case that most of the booster tanks of a space vehicle have to be provided with
appropriate baffles to maintain vehicle stability.

I. Introduction tential hazard for stability and control. The
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stability of a

THE motion of the liquid propellant in the tanks of a space
vehicle represents, due to its low natural frequencies
that are usually very close to the control frequency, a po-
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space vehicle can be influenced tremendously by this pro-
pellant sloshing. Very useful results can be obtained from
simplified stability investigations of a rigid space vehicle that
is controlled by a simple control system. By variation of
parameters, the possibility of the destabilizing effect of the
propellant is investigated. The propellant motion in the
containers will be described by the mechanical model as de-
rived in Ref. 1. The stability boundaries are given by the
necessary damping values of the propellant along the vehicle.
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Tank arrangement and tank form may enhance the stability
behavior of the vehicle. In order to obtain a general knowl-
edge of the influence of tank location and tank forms, the
interaction between the translation, pitching, and pro-
pellant sloshing is treated. The influence of tank geometry
(which essentially determines the magnitude of the modal
masses and the eigenfrequencies of the liquid), the location
of the tank, and the various gain values of the control system
are investigated. To simplify the computation, aerodynamic
effects and the inertia of the swivel engines are neglected.
As shown in Refs. 1 and 2, the first modal mass of the liquid
is sufficient in circular symmetric containers to describe the
motion of the propellant. Higher modal masses have prac-
tically no influence on stability. This is justified because in
a circular cylindrical tank the ratio of the sloshing mass to
the propellant mass for the second sloshing mode is already
smaller than 3%, of the first sloshing mode. In a eylindrical
tank with annular cross section, the second sloshing mode
mass 18, in the most unfavorable case for a diameter ratio of
inner-to-outer diameter & = 0.5, less than about 129,.2 The
two lowest modal masses have to be considered only in the
four-quarter tank arrangement. This seems necessary be-
cause the second modal mass no longer can be neglected with
respect to the first one; it is about 439, of the modal mass
of the first mode. Higher modes in the quarter tank arrange-
ment have sloshing masses that are below 79, of the first
mode and can be neglected.

The control moments will be produced by swivel engines.
In the following, a space vehicle with a simple control system
is treated. The coordinate system has its origin at the center
of gravity of the undisturbed vehicle. The accelerated co-
ordinate system is substituted by an inertial system such that
the space vehicle is subjected to an equivalent field of ac-
celeration (Fig. 1). The centrifugal and Coriolis forces,
which result from rotation, will be neglected. Further-
more, the acceleration in the direction of the trajectory, the
mass, the moment of inertia, ete. will be considered constant.
The parameters that effect the stability of the spacecraft
are the ratios of oscillating propellant mass to the total
vehicle mass of each tank, the natural slosh frequencies,
the control frequency, the control damping, the gain factor
of the attitude control system, the diameter ratio of the inner-
to-outer tank in case of an annular cylindrical tank, and dis-
tance between the slosh masses of various tanks.

II. Equations of Motion

The equation of motion perpendicular to the trajectory is,
with m as the total mass of the space vehicle, m, as the modal
mass of the propellant, ¢ as the deviation of the attitude
angle, F' as the thrust, and 3 as the swivel angle of the engines,

my + D, My — Fo — AFB =0 1)

The factor A in the control term is because only the Ath part
of the thrust is available for control purposes. The dis-
placement of the model mass, m,, of the propellant is denoted
by y,. The transversal displacement of the space vehicle
from its trajectory is given by 4.

= y(t}

Fig.1 Coordinate system of space vehicle and mechanical
model

ATAA JOURNAL
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Fig. 2 Natural frequencies

The mass of the structure and the propellant (in those con-
tainers in which the sloshing is not considered), being con-
sidered as rigid, is denoted by m,’ for unit length. I’ is the
moment of inertia of the structure about the center of gravity
of the cross section, mq, is the nonsloshing mass of the liquid
in the container », and . is its distance from the center of
gravity. Furthermore, Iy, is the moment of inertia of the
nonsloshing mass about its center of gravity, and z, is the
location of the modal masses. Considering I as the effective
moment of inertia of the vehicle about its center of gravity,
the equation of motion with respect to pitching (with respect
to center of gravity of the vehicle) is obtained.

I + NFzgB + 3, (muaag, — gmayp) = 0 6)
Here, it is
I= f@m + 1) de + 3, (moao,® + In) +
> ma,? = mk?

The term zg is the distance of the swivel point of the engines
from the origin, and % is the radius of gyration of the vehicle.
In the further treatment, it is useful to refer all lengths to the
radius of gyration, k = (I/m)V/2,

The equation of modal sloshing mass is

¥+ 2(-01/)’1'?]1' + wvzyv — X — go + ¥y = 0 (3)

where » represents either or both the number of containers
and the various modes of the liquid in the containers. The
term w, represents the natural circular frequency of the
liquid, and v» represents the damping factor. The longi-
tudinal acceleration is ¢ = F/m. For convenience, a few
of the main results for the propellant will be given here.

A. Cylindrical Tank with Circular Cross Section

For a eylindrical tank of circular cross section, the natural
frequencies are (Fig. 2)

_en_ 1 [y Y A
e . CL) ] B R

where ¢ is the radius of the tank, A is the propellant height,
and g is the longitudinal acceleration of the vehicle. The
€,’s are the roots of the first derivative of the Bessel function
of first order and first kind J,’(¢,) = 0. The mass m” of the
sloshing propellant is obtained from

2 tanhle,(h/a)]

T = e 1o hja) (e — 1)

v=1,23...

where m,, is the mass of the propellant in the tank (Fig. 3).
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B. Circular Cylindrical Tank with Annular Cross Section

For a cylindrical tank of annular cross section and diameter
ratio k of the inner-to-outer tank, the natural frequencies are?
(Fig. 2)

1/2
fn = 'Ci" = 1 [gén t’ nh<£n— >} n = 07 1) 27 3
or 2w a

where a is the radius of the outer tank and the £.’s are the
roots of the determinant

JV'(§) ry'(8)
Ji'(kE) Y (kE)

k = b/a being the ratio of the inner-to-outer tank radius.
The sloshing mass is

m = Amal@/md) — k Ci(kéy)] tanh (&, (h/a)]
’ (1 — kB [&(h/a)]

where

A(§) = =0

2[(2/m&) — k Ci(kE)]
,(4/77221'2)(2} - 1) + 012(]951')(1 - k2£y2)

4, =

and

LR Vg
O = | 71ney V()

The term m, is the liguid mass in the annular tank.

C. Four Circular Cylindrical Quarter Tanks

For four cylindrical quarter tanks with radius ¢ and filled
with liquid to a height A, the natural frequencies of the pro-
pellant are?

1 [gemn AT?2 n =1,23...
fm"‘27r[a ta h(em a)] m=201,2...

where the e,,’s are the roots of J:.'(¢) = 0 (Fig. 2). The
mass of the sloshing propellant is obtained from

64 €, tanh [en.(h/a)]
P 1 (€mn? — 4M2) [enn(h/@) Wom (€nn)

[(74'];;—(?_"1)_) . Z Jom4-2u+1 (emn):]

€
mn =0

Mmn = M

©

T Jom+2u+1(€mn)
o @2m+2u—1)-@Cm + 2u + 3)

(for m = 0 the coefficient 64 is substituted by 32) where m,

wis?w.?

stw2 —g(l 4+ Aap + Aaisw.)

A
0 s2w? + W(ao + swm) Z—; (mws? + g)
s2w,? ——(xlwﬂs"’ + 9 sfw? + 2viw.s + w2
sfw? —(Tawr?s® + g) 0
stw? (T8 4+ ¢) 0

is the mass of the propellant in the tank. It can be seen
that one more mode must be considered (Fig. 3) because
Moy ~= 0.4377110.

Actually, the control equation cannot be written as a linear
equation. However, translatory and rotational vibrations
usually occur at small frequencies where the control elements
can be considered as essentially linear.  Nonlinearities
usually oceur at higher frequencies in the form of saturation
of amplifiers, limited output of velocities, etc. Without
wind disturbances, the control equation can be written in the
form, fi(8) = f:(¢), where f; and f, are functions depending
on the character of the system. In linear form one can write

these as
25, pBY = 20 ane®
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Here, p,’s are the so-called phase lag coefficients, and ¢ is the
indicated deviation from the trajectory as indicated by the
gyro. One can apply

B =aep+ ap 4)

In this form of the control equation, the time derivatives of
the control angle 8 which cause, with increasing frequency, in-
creasing phase lags have been neglected. This is justified be-~
cause of the small magnitude of control and propellant
frequencies.

III. Stability Boundaries of a Space Vehicle
with a Simple Control System

To obtain the main results of the influence of the propellant
sloshing on the stability, the equations of motion and the
propellant will be treated as being free to oscillate in three
tanks. This seems to be sufficient since usually, even in
large space vehicles, only three of the tanks will exhibit large
sloshing masses. The sloshing propellant masses of tanks
with light propellant and tanks of smaller diameter can be
neglected. With the usual assumption for solution of the
form e, where s is the complex frequency, s = ¢ + tw, the
differential equations are transformed into homogeneous
algebraic equations:

paS2w? pas?w.?

2 ol 9

— 1 (@l + g)

0 0 =0 ©
w2 + 2ysmews + wo? 0
0 s2w.? 4+ 2y3wswes + ws?

Here, p, = m,/m is the ratio of the sloshing mass in the »th
container to the total mass of the vehicle. For nontrivial
solutions, the coefficient determinant (5) must vanish with
which one obtains the characteristic polynomial in s,

é _

The coefficients B; depend on these parameters:

1) pe = me/m ratios of modal mass of liquid over total
mass of space vehicle,

2) ¢, = control damping factor,

3) vs = ws/w, frequency ratios of undamped propellant
frequency to undamped control frequency,

4) v, = damping factor of propellant,
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5) & = a./k ratio of the coordinate of the location of the
modal mass of the propellant to radius of gyration of the space
vehicle,

6) ao = gain value of the attitude control system, and

7) &,8 = distances between rear tank and upper tanks,
respectively.

The stability boundaries are characterized by the roots s,
of which the real part will be zero, whereas the others are
stable roots. This is, with the Hurwitz theorem for a sta-
bility polynominal of the nth degree, B, = 0 and H,-, = 0,
where H,—; represents the Hurwitz determinant of the form

B, B; Bs
Ho 1= g“ gi gz (n — 1) lines and columns
0 By, B, ...|

To simplify the presentation of the stability boundary in
two dimensions, the damping factors v, v», and v; are chosen
to equal y1 = s = 3 = . The distance of the tanks
(i.e., the difference between the slosh mass locations) from
the first tank (rear tank) is considered to be & and &. Itis

z/k = & zo/k = L+ & x/k = £+ &

Representing the stability boundaries in the (£,7v.) plane,
the Hurwitz determinant H; = 0O resultsin

7
3 ey = 0
i=0

where the functions C;(£) are polynomials in &. The sta-
bility boundary for the undamped liquid is Co(£) = 0. It rep-
resents the intersection points with the & axis. For all
points (&,7,) above the stability boundary, one obtains sta-
bility. Because of B, = 0, the stability is interrupted at the
left and at the right. This means that stability is guaran-
teed only within these boundaries. From Bs = 0, it is recog-
nized that the corresponding stability boundaries to the right
and left are given in the form of straight lines perpendicular
to the & axis. These boundaries, however, play no practical
role. Substitution of £ = s = 0 into the Hurwitz deter-
minants determines whether the origin is in the stable or
instable region. A necessary and sufficient condition for
stability is*

" 1) The coefficients

Bn; Bn~1, Bn—3 e > 0

By, Bp >0 for even n
By >0 for odd n
2) The Hurwitz determinant
H, ,Hp3...>0
H; >0 if n is even
Hy,>0 if n is odd

In the numerical evaluation, the distance of the swivel
point from the center of gravity of the vehicle was chosen,
2z = 12.5 m, and the radius of gyration ¥ = 12.5 m. The
total length of the space vehicle is 57.5 m. Furthermore,
half of the thrust has been considered available for control
purposes (A = 3).

A. Rigid Space Vehicle with Propellant Sloshing
in One Tank

If the propellant is free to oscillate in only one tank, then
the stability polynomial is of fourth degree. This is ob-
tained by removing the last two lines and columns from the
determinant. To treat the propellant oscillating in only one
tank will present (with small numerical effort) the main in-
fluence of the various parameters. It is justified in many
vehicles, since the propellant masses in the other tanks are
sometimes considerably smaller. It is justified also for the
Saturn C-1 vehicle, the booster tanks of which consist of many
containers with smaller diameters. Here the sum of these
sloshing masses is considerably below the one of the larger
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second-stage tank. Sometimes, for tanks with lighter pro-
pellant (such as liquid hydrogen), the density of which is only
a fraction of that of liquid oxygen, the model mass compared
with the heavy propellant can be neglected. The stability
boundary is obtained from the Hurwitz determinant, H,—; =
0 (here H; = 0 or B\B;B; = B:B;? + Bi2B;). The points of
intersection of this stability boundary with the £, axis are

0 = —| & ED = £ (1 — w/aws?

where 1/aovs? is considered to be of small magnitude. This
assumption is satisfied in most cases if the control frequency
is sufficiently far away from the eigenfrequency of the liquid.
The result expresses, therefore, that the stability boundary
for small values of 1/agr,? intersects the &, axis in the vicinity
of the center of gravity (origin) and the instantaneous center
of rotation &4 = z4/k.

One can see that £® becomes sensitive toward changes
of 1/aev2.  This indicates that, for decreasing gain values,
ag, the intersection point shifts toward the tail of the vehicle.
The same behavior occurs if vs = w,/w. decreases. This
means that, for decreasing eigenfrequency of the liquid or
increasing control frequency, damping has to be applied in
the aft section of the vehicle. Figure 4 indicates that the
danger zone for instability of the vehicle is located between the
center of gravity and the center of instantaneous rotation. In
this zone the propellant must be more or less damped, depend-
ing on the magnitude of the modal mass of the liquid. For in-
creasing modal mass, more damping is needed in the danger
zone to guarantee stability of the vehicle. The vehicle is
stable if a container of large modal mass is located
outside the danger zone (control frequency being considered
small, i.e., v, being large). The influence of decreasing fre-
quency ratios v, of the propellant eigenfrequency w. to the
control frequency w. can also be found in Fig. 4. If the two
frequencies approach each other, the danger zone increases
toward the end of the vehicle. Here u was considered to be
one-tenth. The approach of the control frequency toward
the liquid frequency or vice versa not only increases the
danger zone but also requires more damping to maintain
stability. This is most unfavorable if the control frequency
is below the eigenfrequency of the propellant, ie., if », < 1.
For v, > 2, the wall friction (v, = 0.01) is already sufficient
to guarantee stability.

The change of the control damping {. indicates that, for in-
creasing suberitical damping {. < 1, the stability in the danger
zone will be diminished whereas, for increased supercritical
damping ¢, > 1, the stability is enhanced. This means that
less damping is necessary in the container to maintain stability
in the case ¢, > 1. No additional baffles are required in the
danger zone if the mass ratio u = 0.1 and the control damping
e < 0.50r & > 2.0 This means that, for these values and
the parameters », = 2.5 and a0 = 3.5, the wall friction in the
container is sufficient to maintain stability.

Another question of great importance in the design of a
large space vehicle is the choice of the form of the propellant
containers. As seen from Ref. 2, the tank geometry plays
an important role for the modal masses and the natural fre-
quencies of the propellant. Containers with large diameters
exhibit small natural frequencies that in many cases are
too close to the control frequency. The magnitude of the
modal mass considerably magnifies this unfavorable effect
upon the stability. Clustering of numerous smaller con-
tainers not only increases the natural frequencies of the pro-
pellant (due to smaller diameters) but also reduces the modal
masses, which is a much more important effect. In addition
to the weight saving and the slight increase of the natural
frequencies, subdivision of tanks by sector walls has the ad-
vantage of distributing the modal masses to different vibra-
tion modes of the liquid. To summarize, with increasing
mass, stability decreases. The influence of the eigenfre-
quency change of the propellant of fixed modal mass is such
that a decrease of the natural frequency increases the danger
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zone toward the end of the vehicle and requires more local mandatory. It is obtained by removing the last column and

damping in the propellant. With increasing natural fre-
quency of the liquid, the influence of the propellant sloshing
on the stability of the vehicle diminishes more and more.
Wall friction is already sufficient to maintain stability.

The gain value a, of the attitude control system shows,
for decreasing magnitude, a decrease of stability in addition
to a small enlargement of the danger zone toward the end of
the vehicle.

In the case of a cluster of tanks with smaller diameters, the
results are very similar. The natural frequency is increased
due to the smaller diameters. The natural frequency ratio
of the propellants in a single barrel circular cylindrical tank
of radius ¢ and p, identical circular cylindrical tanks of the
same total volume, is

L0 1 tanh(e.h/a) | V2
£ (p)"* \tanh[en(p)*h/a]

This shows that the frequency increase is proportional only
to the slowly increasing value (p)V% The total sloshing
mass, however, decreases rapidly with the inverse value of
the square root of the number of containers. The ratio of
the total sloshing mass of p tanks and the sloshing mass of the
single barrel container is

m® 1 tanhle.(p)Y?h/a]

T p2 tanh(eh/a)

meD

This is of great advantage for the dynamics, but from the
design and overall performance standpoint, the clustering of
tanks has structural and weight disadvantages.

The slosh damping required for p clustered tanks is there-
fore approximately that of a sloshing mass that is reduced
by 1/pV2. There is, of course, also a small stability enhanec-
ing effect due to the increase of the natural frequency.

B. Rigid Space Vehicle with Propellant Sloshing
in Two Tanks

In some cases the influence of the propellant in a second
tank cannot be neglected, making the determination of sta-
bility boundaries for vehicles with two sloshing masses

line from the determinant (5).

1. Two concentric containers

It may be possible to remedy the influence of propellant
sloshing by choosing a concentric tank arrangement con-
sisting of an inner tank with circular cross section (radius
¢ = b) and an outer tank of annular cross section with an
outer radius r = a. By proper choice of the diameter ratio
k = b/a, the liquid masses in the inside container and out-
side container can be brought into such a phase relation that
the forces and moments of these individual tanks cancel each
other. Figures 5, 6, and 7 show the results of this study for
diameter ratios k = b/a = 0.3, 0.5, and 0.7. The results are
very similar to those of case IITA since the difference in the
location of the sloshing masses is very small. The danger
zone is increased somewhat toward the rear of the vehicle.
For increasing control damping {., the stability is decreased.
Increase of the control frequency enhances the stability as
in IITA. For a sloshing frequency of the center tank below
the control frequency, more baffling has to be employed over
the enlarged danger zone. For increasing sloshing fre-
quency the stability increases. To obtain maximum can-
cellation effects, the sloshing masses of the center and outer
container should be equal and should oscillate in antiphase.
Equal sloshing masses can be obtained for a diameter ratio
of about k¥ = 0.77 for which, unfortunately, the phases are
not favorable. If the phases are chosen favorably, as in
the case of a diameter ratio & = 0.5, the sloshing masses
exhibit a ratio of 1:5. This shows that no pronounced
benefit can be obtained by a concentric tank arrangement.
For the diameter ratios ¥ = 0.3, 0.5, and 0.7, the damping re-
quired for stability in the container is in the ratio 12:9:8,

2. Quarter tank arrangement

As Fig. 3 shows, compartmentation of containers by radial
walls exhibits considerably decreased sloshing masses. In
the case of a four-quarter tank arrangement, the first modal
mass is only about a third of the value of a cylindrical con-
tainer with circular cross section. But other vibration
modes are still important, such as the consecutive sloshing
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Fig. 7 Stability boundaries for concentric tanks (k = 0.7)

mode of which the mass still represents 439, of that of the first
one. This indicates that in stability investigations this
second mode can no longer be neglected. This tank arrange-
ment has, besides the reduced modal mass, the advantage
that the fundamental frequency is slightly larger than that
of a container of circular cross section (Fig. 2). Also, the
total sloshing mass is distributed to various modes; thus it
is not all excited at the same frequency as in clustered tanks.

In the equations of motion, two slosh masses are again
considered, representing the first and second sloshing mode
of the quarter tank arrangement. The results are very
similar to the previous ones. Again the danger zone is located
between the center of instantaneous rotation and the center
of gravity. The increase of the control damping ¢, in the
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Fig. 8 Stability boundaries for sloshing in quarter tank
arrangement
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Fig. 9 Stability boundaries for sloshing in two tanks in
tandem arrangement

suberitical region decreases the stability, while increase in
the supercritical region increases the stability region. For
increasing control frequency, the danger zone is enlarged
toward the base of the vehicle and requires larger damping
in the tank to maintain stability. The influence of the si-
multaneous change of the sloshing frequencies is exhibited.
Sloshing frequencies below the control frequency again re-
quire more baffling in an enlarged danger zone (toward the
rear). Increase of sloshing frequencies results in a decrease
of the danger zone toward the one between the center of
gravity and center of instantaneous rotation and requires
less damping in the tanks to maintain stability of the vehicle.
Low gain values (@0 = 1) require more baflling along a larger
danger zone, while increase of the gain a, reduces the danger
zone and the requirement of damping in the tanks (Fig. 8).

3. Tandem arrangement of two tanks

For a tandem tank arrangement, the results can be seen in
Fig. 9. Tank number 1 is designated as the rear tank, and
number 2 is the forward tank. The distance between the
two sloshing masses is called &. The sloshing frequency of
the liquid in these two tanks is the same. - In the numerical
evaluation, the diameter was taken to be 256 in. It can be
seen that for increasing sloshing mass, a loss in stability re-
gion is encountered. Furthermore, the danger zone is shifted
slightly toward the rear of the craft. Increasing control
damping {. increases the stability area. An increase of the
control frequency w. results in an increased baffling require-
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Fig. 10 Stability boundaries for sloshing in three tanks in
tandem arrangement

ment over an enlarged danger zone toward the aft of the

craft.

For sloshing frequencies below the control frequency, a
large amount of damping is required in the enlarged danger
zone to maintain stability. Increase of the sloshing fre-
quency decreases the danger zone and the required amount of
damping.

The change of the gain value ao has an effect similar to
that for a single tank. Small gain values require strong
baffling over an enlarged danger zone. Increase in the gain
value enlarges the stability region and shifts the danger zone
slightly toward the center of instantaneous rotation.

The influence of the difference, &, in the tank locations ex-
hibits, for increasing distance between tanks, a shifting of the
danger zone toward the aft of the vehicle with slightly less
damping requirements. This indicates that, in a vehicle in
which one sloshing mass is stationary during flight time and
the other liquid mass shifts toward the aft of the vehicle,
the entire rear part of the vehicle has to be provided with
appropriate damping to maintain stability (Fig. 9).

C. Rigid Space Vehicle with Propellant Sloshing
in Three Tanks

In almost all space vehicles, the consideration of sloshing
in three propellant containers is sufficient for simplified sta-
bility boundary determinations. The liquid propellants of
the remaining tanks exhibit either small sloshing masses (due
to their low density or different tank geometry) or larger
natural frequencies of the propellants. For this case the total
determinant (5) is treated. The results are similar as in the
tandem arrangement of two tanks. Figure 10 exhibits the
shifting (&) of the two booster slosh masses toward the rear
of the space vehicle (as it takes place during the draining of
the first stage containers). The danger zone shifts with in-
creasing slosh mass difference aft of the vehicle. This again
indicates that the booster must be provided with approprlate
baffles to maintain stability.

References

! Bauer, H. F., “Mechanical analogy of fluid oscillations in
cylindrical tanks with circular and annular cross section,”
NASA Marshall Space Flight Center, MTP-Aerc-61-4 (1961).

2 Bauer, H. F., “Mechanical model of fluid oscillations in
cylindrical containers and introduction of damping,” NASA
Marshall Space Flight Center, MTP-Aero-62-16 (1962).

3 Bauer, H. F., “Theory of the fluid oscillations in a circular
cylindrical ring tank partially filled with liquid,”” NASA TN D-
557 (1960).

¢ Fuller, A. T., “Stability criteria for linear systems and reli-
ability criteria for RC networks,” Proc. Cambridge Phil. Soc.
53, 878-896 (1957).



